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ABSTRACT

Here we investigate the statistical properties of two autoregressive normal asym-
metric SV models with possibly time varying means. These, although they seem
very similar, it turns out, that they possess quite different statistical properties.
The derived properties can be employed to develop tests or to check for up to forth
order stationarity, something important for the asymptotic properties of various
estimators.
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1. Introduction

Empirical research in economics and finance has identified several persistent statistical
patterns in asset return dynamics, often labeled as stylized facts. Chief among these
is volatility clustering, wherein episodes of heightened (or diminished) volatility are
followed by similar periods. Originally documented in financial time series, this phe-
nomenon has analogs in the physical sciences, such as turbulence—referred to there
as indeterminacy (Barndorff-Nielsen [3]).

The recognition of volatility clustering has significantly influenced time series mod-
eling. While early responses to this empirical regularity centered around ARCH (Au-
toregressive Conditional Heteroskedasticity) and GARCH-type (Generalized ARCH)
(e.g., Engle [12] ; Bollerslev [7]), recent developments have increasingly turned toward
Stochastic Volatility (SV) models (Taylor [38]). In contrast to GARCH models, which
rely on deterministic volatility updating rules driven by past shocks, SV models feature
a separate stochastic process governing volatility, with SV-M (SV in Mean) models
introducing a dynamic link between expected returns and conditional volatility.

These models are particularly well suited to capturing key economic regularities. In
equity markets, for instance, theory frequently posits a risk-return trade-off, whereby
expected returns depend on conditional variance (e.g., Merton [29]; Glosten, Jagan-
nathan, and Runkle [16] GJR hereafter). SV-M models provide a natural structure
for modeling such relationships by allowing conditional variance (or standard devia-
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tion) to enter the mean equation, thereby capturing time-varying risk premia. Unlike
GARCH-M frameworks, SV-M specifications can accommodate ex-ante relationships
and complex feedback mechanisms between volatility and returns (Koopman and Us-
pensky [26]).

Volatility feedback, as articulated in Campbell and Hentschel [8], suggests that un-
expected shocks raise expected future volatility, which—if positively priced—leads to
immediate price drops. SV-M models capture this mechanism more fundamentally
than GARCH variants by embedding correlation between return and volatility inno-
vations, a feature not intrinsic to the standard GARCH framework.

Another prominent empirical feature in financial data is asymmetry in volatility
response—notably, volatility increases more after negative shocks than after equally
sized positive ones (Black [5]). While this leverage effect has traditionally been mod-
eled using asymmetric GARCH variants (e.g., Exponential GARCH of Nelson [31],
GJR-GARCH or Quadratic GARCH of Sentana [37]), asymmetric SV models offer a
more structurally coherent alternative. In the SV context, asymmetry arises through a
negative correlation between return and volatility shocks, as emphasized by Jacquier,
Polson, and Rossi [24], enabling a more direct and interpretable modeling of asymme-
try.

Despite their theoretical appeal, SV models were historically underutilized due to
challenges in estimation—especially since volatility is not directly observed. However,
this has changed with advances in estimation techniques. Bayesian methods (Jacquier,
Polson, and Rossi [23], [24]; Kim, Shephard, and Chib [25]), simulation-based inference
(Gallant and Tauchen [14]; Gourieroux, Monfort, and Renault [17]), and approximate
likelihood approaches (e.g., data cloning by Bermudez, Marin, and Veiga [4]; Laplace
approximations by Marin, Romero, and Veiga [28]) have enabled more robust inference
within SV frameworks.

This study contributes to this growing body of research by examining the statisti-
cal properties of asymmetric SV-PM models, where the conditional variance, raised
to a power, directly affects the return dynamics, and the return and volatility in-
novations are potentially correlated. We consider two first-order autoregressive SV
structures and highlight their distinct statistical behavior, offering insights into their
appropriateness for modeling financial return series with dynamic risk premia.

Foundational treatments of SV models can be found in Taylor [38], Harvey, Ruiz,
and Shephard [21], and Jacquier, Polson, and Rossi [23]. For extended treatments of
asymmetry, see Tsiotas [39]; for long-memory SV models, see Ghysels, Harvey, and
Renault [15] and Harvey [19]. The Generalized Asymmetric SV-M model by Mao et
al. [27], which introduces asymmetry via mean innovation transformation, represents
a further innovation, though in this study we adhere to the classical approach wherein
asymmetry is introduced through innovation correlation, as in Jacquier, Polson and
Ross [24] (JPR here after).

To our knowledge, this is the first formal derivation of the statistical properties
of the asymmetric SV-PM model with normally distributed standardized innovations
and correlation-driven asymmetry. In doing so, we aim to offer a more flexible and the-
oretically consistent alternative to GARCH-based approaches for modeling volatility
dynamics and the risk-return relationship in financial markets.

In the next section we present the two SV-PM models and derive their static and
dynamic moments. In the final section we compare the properties of the two models
and conclude.
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2. The Two SV-PM Models

We consider the following normal Autoregressive Stochastic Volatility in Mean class
of models:

Y =c+ A2+ ef = c+ Ao + g0 where, (1)
Ino} =w+¢Ino; | +m-1 (SV1) and (2)

()=x(()-Ch 7))
Uz 0 POy Un

We call this model SV1-PM. Notice that the findings of Carnero, Pena and Ruiz [9]
suggest that the assumption of normality is reasonably appropriate for financial time
series. The estimation of the model above, with @ = 0.5, can be found in Arvanitis
and Demos [1], whereas restricted version of it, with ¢ = A = 0, has been estimated
by quasi maximum likelihood in Harvey and Shephard [22], and by MCMC in Meyer
and Yu [30]. Further, Asai and McAleer [2] present some properties of the restricted
model concerning mainly the asymmetry and the leverage effect.

However, a second model has been considered in applied work. Specifically, instead
of the above conditional variance specification 2 the following one is employed :

Ino? =w+ynet, +n (SV2). (3)

We name this one the SV2-PM model. A similar model, with p = 0 and « = 0.5,
has been estimated in Koopman and Uspensky [26] by simulated maximum likelihood,
but they add an autoregressive term in the mean. Further, a model with ¢ = A =0
and a = 1, but with non-normal error distribution, has been employed by JPR,
whereas under the same restrictions but with an autoregressive term Romero and
Ropero-Moriones [34] employ data cloning estimation method.

Although the two models look very similar, there are important differences between
the statistical properties that they can accommodate. In fact, notice that for the
SV1-M model the mean error and the conditional variance are contemporaneously
uncorrelated, which is not the case for the SV2-PM one. Nevertheless, Yu [40] proved
that the partial derivative of future volatility with respect to the error is not necessarily
negative when p < 0, i.e. it could be the case that even if p < 0 future volatility could
decrease with a negative error, claiming the the variance specification in (2) is a more
“natural” one (see details in Yu [40]).

Now, form equation (1), and for a = 1, we get

Yy =c+ AEi_q (O‘?) + A (Jt2 —FEi 4 (Uf)) + gi0¢  where,

B (Jf) is the expected volatility given information at time ¢ — 1. Hence A could also
represent the volatility feedback coefficient, as the term o7 — Ey_y (07) is the unex-
pected part for volatility. In fact, this is a restricted version of the model considered
in Campbell and Hentschel [8], where the risk premium and the feedback coefficients
are different. In a GARCH-M type model, this parameterization is not possible as
E, (of) = o2, and consequently this constitutes a comparative advantage of the
SV-PM model (see Koopman and Uspensky [26] for more details).

Let us now explore the properties of these models. Notice that, to express the static

and dynamic moments of the models, as a function of the parameters, we expand y;
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employing equation (1) as well as equation (2) or equation (3) and use the formulae
in Appendix A and Appendix B (please see Demos [11] for analytic proofs).

2.1. Properties of the SV1-PM Model

Let us now investigate the statistical static and dynamic properties of the SV1— PM
model.

2.1.1. Static Propertiesl

First, it is easy to prove that skewness of ¢; = e;04, sk (g}), is 0 and the kurtosis

coefficient is given by
3E (o} o?
55;:%:3@@ 772 > 3,
(V (er0y)) 1-9

which is bigger than 3, i.e. the stochastic volatility increases the kurtosis of the errors,
a well known fact of the SV models.
Now

(4)

aw 042072]
E (y;) =c+ Aexp [(1_¢) +2(1—1/12)]

Notice that for ¢ = 0 the unconditional risk has the sign of A, positive, as A represents
the price of risk, in Financial Economics, where as for ¢ = A = 0, as in Harvey and
Shephard [22], the risk premium is zero.

Further,

V (y) = N {exp Lf_i;%] — 1} exp [(1262) + (10[_0122)] (5)

+ exp

w o;
<1—w>+2<1—w2>]'

It is worth mentioning that the price of risk parameter \ increases the variance of the
observed process, independent of the sign of the price of risk parameter A.
The skewness coefficient of observed process y; is given by

b ) = 1 {o 0555 - 3w kfl_(zj))]]?;z}e}(p[(l—w)+2<1_w2>} (6)
I G o Gl (S A
[V () ,

where V' (y;) is given in (5). Notice that the skewness coefficient has the sign of A, i.e.
positive under the assumption of risk premium positivity, as it is highly unlikely the
first part of the expression to be negative and bigger in absolute value to the second
one. Further, for A = 0 the skewness is zero.
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Now the kurtosis coefficient of y; equals:

o [255] - o [1255] oo [5] -aosm 5+ 225

el = [V ()
(7)
62 {{exp {agivj;g‘ﬂ _ 2} exp [(1 wQ)} + 1} exp [(Q(fﬁi))w n (22?2;)237%}
+
[V ()]
exp |:(12ww) + 4U ):|
4 (yt)] ’
where V (y;) is, again, given in (5).
Further,
3aw 504202 w o’o?
V (y7) = AN exp [(1 — 0 +3 = 7112) + 2BA\? exp [(1 —o T o 52)] (8)
ao? (a+Dw (a*+1)02
+4cA {3 exp [( 2}2)] — 1} exp =) 31— 02
w o2 o2 % o2
+4¢? exp [(1 —y + 20 _"W) + {3exp [(1 _Uwz)] — l}exp = + a —n¢2)] ;
where

a’o? 20072 w (2a2 + 1) o2
— 9.2 _ —
B=2c {exp [(1—¢2)] 1}+{3exp [(1_122)] 1}exp [(1_¢)+ 2(1_¢2)ﬁ].
2.1.2. Dynamic Properties

For the autocovariances of the observed process, 3;, we have that:
2 2

2 2.k 2 9
Cov (yt, yi—1) = A2 [exp [aw%)] _ 1] exp oaw a‘o; ]

21— 42 (1—¢)  (1-¢2)
20+ 1w o} (40® +dayh +1)

20-¢) T 81—

—l—)\ozpand)k_l ex

and the correlations are given by dividing the above expression by the variance in
(5). It is worth noticing that, provided that A is positive then the correlations can
be either positive or negative, depending on the relative values of of the parameters.
Notice that for p = 0 the Corr (ys, y;_x) is proportional to A%, whereas for A = 0 the
autocorrelations are zero.
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In terms of leverage effect we have that

aph—1 o
exp [8(1 —2) 7 n}

Jes ] )

and has the sign of p, i.e. the leverage effect can be satisfied by the model if and
only if p < 0, provided that ¥ > 0 something which is very plausible due to volatility
clustering (see below).

In terms of dynamic asymmetry, as we call C'ov (yf, yt_k), first expand y? and y;_y,
employing equations 1 and 2 (see Demos [11]) and using equations 14 and 15, we get:

Corr (o5 1) = poyu*!

) B 9 2aw o’o;
2a+1)w (4a2 + 1) o2 k—1 3w oy (4wk + 5)
+BMex 21— ) + 8(1— ¢?) +poy exp 2(1—w)+ %(1—¢2)
where
202k 30202 a*ytoy
A=) (exp [(1—¢27)7] — 1) exp |aw + ——— =+ 2(1— wz) + 2c (exp [(1_1#277)] — 1)

- 2 k2

B = 2P0n¢k 1 {)\aexp [ w 1 — ?Z;)) + C} eXp (m>

_|_

oges w 3072,
P ( z/ﬂ) - 1] o [2<1 —9) T80 —zzﬂ)]

Now for A = 0 we get that Corr (yf,yt_k) is proportional to pand}kfl and conse-
quently has the sign of p, and, of course, it is independent of «. Notice that in this
case and for p < 0 we have that Corr (yf,yt_k) > Corr (af,sj_k), i.e. the leverage
effect is stronger than the dynamic asymmetry. Finally, for ¢ = 0, it possible to have
Cov (yf,yt_k) > 0 for p < 0, i.e. to have the leverage effect, but positive dynamic
asymimetry.

Employing equation 14, in Appendix A, the volatility clustering is given by

2.,k
exp [(1 :ﬁz)] -1
exp [W] -1

and it is the same with the one of the SV2-PM specification.
Further,

Corr (th, Jf_k) = ) (10)

ka
(1 + p2021/12k 2) exp [( )} -1

3exp [ﬁ] -1

Corr (6:2, 5;"2,€) =



Statistical Properties of Two Asymmetric Stochastic Volatility in Power... 169

For the dynamic kurtosis, as we call here Cov (yf,yf_k), employ equations 1 for
expand y7 and y? , (see the Supplement) and employ equations 14 and 15 of Appendix
A to get:

4o k2 do2o?
o) = {exp [5—%] i 1} o [(14% i

2 2 9 29k 2 2aFo? 20+ DHw (40’ +1)0;
+2 {(1+2apanw ) exp [(1—¢2n) —Lpexp (1—1) 2(1—¢2)77
20w 042‘73 (2a+1w (4a2 + 1) 0727

+ 2B exp 2 (1= ) + 8(1—¢?)

3w 50%
+ )
2(1- ) 8(1—%]
where

202k o2 3a%0? a?yroy
A=) {exp [MY] - l}exp [(101“’@ + 20 _122) +C{exp [(1_1#;)] - 1} ;

20w o[22+ 1)YF + 4o+ 1] ag]

A—v) "=
2a+1)w 03, (4a¢k +1+ 4a2)
21— v) S -9

+4AcA? exp [

+ Fexp

+4Dc)\apan1/1k*1 exp

B = 2 apoyy" ! exp [(1 — 2(1— ¢4?)

k

)
aypFo? w 302
e { . 042/)2021&%_2) o [M] - 2} P [2 (1—1) * 8(1 n¢,2)] ’

_ o (0 + 20) 2 o (209" +1) o? aw ooy
D—)\{exp W]—i—expl 21— ?) T1 5 exp (1_w)+2(1—717b2) T+
and

k2 2
) o o w 30
F— {(1 +p2072]1/12 %) exp m - 1} oxp [2(1 — 1) * 8(1 —n¢2)]
k— ow o (2¢k +a+ 1) o Yo,
+2P0n1/1 1{)\exp [(1_¢)+ 2(1_¢2) n + c pexp 2(17_2)2) .

Employing equation 8 for Var (yf) we can get the autocorrelation function,
Corr (y7.y;_y,)-
Notice that for A = ¢ = 0 we get

g2k

(1 + pZng%_Q) exp [7(1215}2)} -1
99

2 b
3exp [7(1_¢2)] -1

Corr (y7',yis) =

which is the same as equation 18 in Perez, Ruiz and Veiga [33] and equation 5 in Ruiz
and Veiga [36], and again it is positive for any values of p.
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2.2. Properties of the SV2-PM Model

2.2.1. Static Moments

Now, if instead the conditional variance specification we employ the specification in
JPR, equation 3, we get

E () — ot ) aw o’o? po, w or
A A T ) A R CICrD R )

and

2

) o 0'% 20w 0420727
Var (y) = A [exp ((1—¢2)> — 1] exp <(1 _—yy + = ¢2)>
ao? 20+ Dw  (a*+1) 0]
(2cc + 1) exp (2(1—1/’2)> —1] exp < 21— ) + 8 (1 —1?) )
2 2 & (poy)” d &
+{(1+p0n)exp<4(1_¢2)>_ 4 }eXp<(1—w)+4(1—w2)>'

Notice that if p = 0 we get that the expected value and variance of y; are the same as
those for the SV1-PM one (see equations 4 and 5). Further, if c = A =0, as in JPR,
E (y.) is negative, provided that p < 0 (leverage effect).

The skewness coeflicient of the mean error ¢ = o, is given by

+Apoy,

sk () = §p0n { <3 + (%P(ﬂi)?) exp <2(%’12)> — <1 + (:0077)2) } exp (4(%%) i % (pUn)2‘

2 ((1 + (pgn)2) exp (@) - (%)2)3/2

(12)

It is worth noticing that although the distribution of the standardized errors is normal
the skewness of the mean error is non-zero, and if fact it is negative, provided that
p < 0 (leverage effect).

Now the kurtosis of the mean error is given by

(3424 (poy)” + 16 (pory) '] exp (52 )
{1+ o) e [s2hm] - (577
&)2 {2(140)”) = (34 (p923)") exp <2(%’Z2)> b exp {;(1@2)} (e
2 {1+ Gon)?) exp | i | - (5)°}

and for p = 0, as in Koopman and Uspensky [26], k (¢}) is the same as for the SV1-PM
model.

The asymmetry of the observed process, ¥, is very complicated for the full model
and it is presented in Appendix B.To get the asymmetry of the observed process, v,
expand E (y, — E (y;))® and employing the appropriate formulae to substitute E (o)

k() =

+3
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and F (efo}) (see Appendix B) for various values of s, k and [ we get (see Demos [11]):

304203, oz20,27 3aw 302 2
exp 7(1—1#2) — 3exp 7(1—@02) + 2| exp 1—T/J+ (1—1112)

3 4o+ 1 8a? +1) o2 1 202 +1) 0
+zAAgp(Wp<<a+>w+< );>+33Awp<m+-wu+( ) o,

E(y—Ey)) =X

2(1—-9)  8(1—9? 1—4) 4(1—-9y?)

(
3 3w
+§Cp0nexp (2(1—¢ 1—¢2 )

where

_ a(a+1)g% aa% oﬂaf]
A= (dat1)exp (gt ) — 2o+ Dexp (grosey ) —exp (g ) +2

(1‘%(Pan(a*%1J)2)eXp <(1??iﬁ)> (1%(Pah)2)]exp <4(1f?¢ﬂ)>

and

C = <3<+ <pgn2>2> exp <4(£%?zﬂ)) _-(1_+(poh)2)exp ( (1ff¢ﬂ)> 1(pgny.

Now for A = 0, as in JPR, the skewness coefficient of y;, sk (y:), is, of course, the
same as this one of €}, see equation 12, above, whereas for p = 0, as in Koopman
and Uspensky [26], we get that sk (y;) for the SV2-PM model is the same as for the
SV1-PM one, and it can be only positive (see equation 6).

Now, employing the same way, i.e. expanding E (y, — E (y))*and using the appro-

priate expressions for E (o) and E (¢fo}) (see Demos [11] ), we get

daw n 20°0 2

R
(6at+Dw  (120°+1)07

—&Bﬁﬂhﬂp<2u—w) 8@_¢%n

20+ 1 40* +1) o} 2 4%+ 3) 0?2
+3C)\Qexp<(a+ )w—i-(a )0n>+2D)\panexp<(a+3)w+(a )Jn

B=

E(%-—E(MD4—aAA“mp<

(1—1) 4(1—-¢?) 2(1-9)  8(1-49?)

w o
*’F‘3G@w(4u—¢@> “p(u—w>+2a—w%>
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where

60420127 30420,27 a¢20'37
A= exp <(1_¢2)> —4exp <(1_w2)> + Gexp <(1_w2)> -3,

B = (6o + 1) exp (W) —3(4a + 1) exp (OW]) ~exp < 3a’o, )

«a 2

g 0120'2
+3 (2a+ 1) exp <2(1 _nw2)> + 3exp <(1 _122)> -3,

C =9 (1 + (poy (20 + 1))2) exp ([4a (a+2)+1] U?;) +2 [1 + (PUU)Q} exp <4(Ug>

4(1—2?) 1-1¢?)
o o2 ao,
4 (1 + (poy (o + 1))2> exp <(j(1+_11i2)77> +2(po,)” (2a 4+ 1) exp (2 a _n¢2)>

_ (pgn)Q (da+ 1) exp (W) + % (pan)Q [exp <(1a_2052>> — 3] ,
F = [3424(p,)” + 16 (p,) "] exp (Q(f’iw> =3 (oo,
G = (p)* { (3 (poud)”) exp (570 ) = & (1 + (po)?) }

2 a 0.2
D = (2a+3) (3 + (pan@a;g)> ) exp (W)

-3 (1 + (poy (o + 1))2) exp (W’>

and

4(1—9y?)

- o))

+% (po,)® {(Za +1)exp (2 (lai"w2)> - 1} ,

For A = 0, x (y;) is the same as the kurtosis coefficient of £}, above, whereas for
p = 0 we have that « (y;) is the same as the one of SV1-PM model (see equation 7).

2.2.2.  Dynamic Moments

The dynamic moments for the SV2-PM specification are more complicated than
the SV1-PM one. This due to the fact that for the former model we have that
Cov (g (et0y), f (et—k, 0t—k)) # 0, for various functions g (.) and f (.).

Now, to get the autocovariances the observed process, y;, expand Cov (y, y¢—r) and
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employ equations 14, 19, 18 and 20 (see Appendix B) to get

2 2
Cov (yr, yi—r) = AXexp (2 (iof‘}w) + 5 (?_Uzbz)>

PSS P Yo w %
o (5 ) -t (25 + )

where
azd)kog aw 0420%
A A{e"p (u—w) - l}eXp ((1 —9) Fa0 —w2>>
om/)kafl w 0,%

It is possible that, depending on the parameter values, the k* order autocovariance
can be either positive or negative. Further

2 | o ﬂ 1l ex 20w 0420,27
Var (y:) = A [ p<(1—¢2)> 1] p<(1_¢)+(1_¢2)>
(2cc + 1) exp (oza?,) _ 1] exp ((Qa 1w . (40 +1) U%)

AP 21— 2 21— ¢) T 810

2 2 & (poy)” d %
+{(1+Pffn)exp<4(1—¢2>>_ 4 }eXp<<1—¢>+4<1—W>>

Now in the model of Koopman and Uspensky [26] we have p = 0 and it follows
that that the autocorrelation function of the SV2-PM model is the same as for the
SV1-PM one and consequently, Corr (y:, y:—k) can be only positive. The same is true
in the case of JPR, where we have that A = 0, i.e.

E 1/JI€O'2
| (¢ + 1) exp gty ) — 1
2 (1-92)
Corr (g, yr-) = 7 (o) 202 o (pr)*”
(1+p 077) exXp (4(1—11;2)) ~ 1

and Corr (yi, y1—k) can be only positive. However, in this case, i.e. if A = 0, the
autocorrelations of the observed process for the SV1-PM model is zero.
For the leverage effect we get

k 2
2% + 1) exp {%} -1
Corr (UtQaUt—kgt—k:) — 1 ( ) 2(1—9¢2?)

poy - - = ; =
e () 1 [+ t000) exp (i) — (o]

which is negative provided that p < 0, something which also is true for the SV1-PM
model (see equation 9).
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Employing, again, equations 14, 19, 18 and 20 (see Appendix B) we get the dynamic
asymmetry for the SV2-PM, i.e.

L=9 (1—1/12)

atho? (20 +Dw  (40*+1)0]
2070, {W +1)ew (2(1—¢)> i 1} o ( 2((—v) " 8= )
(da+ 1w N (802 +1) 02
2(1—1) 8(1—1?)

) Vo 2 3w 50,27
(20F + )exp( ¢)> 1] exp<2(1_w)+8(1_¢2)>

2 oz202
Cov (yf,yt_k) =DM exp ( aw + > (13)

—l-F)\2p<777 exp (

+ 228 (1+ (po)?)

2(1
+CM (" + 1) exp % exp Y4 %
2 —1p?) (1-v) 4(1-19?)
(a+ 1w 20& + 1)
—I—GAexp( = + 1(1—4?) >,
where

2024k g2 ow 30202 a2k o2
D=2\ [exp <(1 —¢27)7> — 1] exp (1 — + 21 —¢2)> + 2¢ |exp <(1 _¢;)> — 1] ,
a (20 + 1) Pro? ) ao;
P\T2a-e )P laa ey

awka% 0z20'727
(4041/Jk + 1) exp (M) — 1] exp (W) )

« k0'2 OéO'2

ko2 o?
s )

Now for the Koopman and Uspensky [26] model, i.e. for p = 0 and ¢ # 0, we get
that Cov (yf, yt_k) for the model is the same as for the SV1-PM model, whereas for
A=0but p# 0 and ¢ # 0 we get that Cov (yt2, yt_k) can be of either sign, depending
on the parameter values.

As the stochastic volatility process is the same for the two model, the volatility

F=(2a+1)

3
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clustering is given by equation 10 for the SV2-M model, as well. However, now

*2

k2
(1490 (5 + 7)o (1258) - 1+
Corr (5}*2,515 k) (1 + p’o ! ( ) 97 ( n)

[3 +24 (pcrn)2 + 16 (pan)ﬂ exp (%) —(1+ pza,zl)2

which is different for the SV1-PM (see equation 11). It seems that the autocorrelations
of the ;s for the SV1-PM model is higher for the ones of the SV2-PM, at least for
plausible parameter values and small values of k. However, the decay of the SV2-PM
autocorrelations is smaller.

For the dynamic kurtosis, employ, again, equations 14, 19, 18 and 20 (see Appendix
B) to get

4opko? 4 40202
oot =+ oo (§25) - o (1555

+2AX3 exp < f’fw 220[_2(:; ) + BA? exp ( 20&; + (1a_2052)>
o <<;1¢(y1+_ o (101 ) v L ((2“;(1”_2;?) o
L FeApoyexp <(§C(M1+_ 1;) N (402 + 22)721> +2Gcpo, exp (2 (15327@%))
+2HeA exp <(O‘1t17j} o 1+_1¢2 %>
e (poy)” | (4" +1) exp ( (qfk_ jp?)> B 1] o ((1 —9) " (1?%#}2))

) | O T o (2 25)
where

A:mh[WW“*mjgyfﬁmﬁjgﬁ»Fm(uﬁLm+fﬁt2§)

+2c

2a21/1k072]
eW(u—wa)‘q’
B [(,0077)2 <(2awk + 1)2 + 1) + 2] exp <2a1/;k22) w (2@2 i 1) 0727
. 21+ (poy)?) o exp(““ 2<1—¢2>>

Oé21/1k0'2
exp <(1 — 1/127])) — 1] ,

+4c?
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and

k

C =2 1= g2

)

w*””’( Iy ) 1] p<2<1—w>*8<1—w2>>
a(2a Fol ao;

+4c { (ay® +2a + 1) exp ( (2 (1—1—_11);5) n) — (2a+ 1)} exp (2 a _%2))

e [1 + (o)’ W} <(2a + 1>wk02>
D= exp| ————"1| -2 1+(‘7n)2 (20 + 1),
{ T [1 + (P%)Q} (2¢k + 2a + 1) P 2 (1 —?) ( 0 )

(00017 41 | 205 .

B p Dids w at+l)o

fpan{ +2(2a+_12)(2a+1) ( o ) o <2<1—w>+ 8(1—¢2)n)
. ako?

(az/) + 1) exp (2(1 _122)> - 1] )

k k 2 k52
(1 + (po'n)2) (2¢ 2+ 1) +é (1 + (poy)? (v 12) )] exp <4(Qf_ ’17/)2)) - (1 + (po'n)2> |

H = <(p0’n)2 (1 + (ay® + 1)2> + 2> exp (:fiﬁ)) _9 (1 + (pon)2> :

(Qaz/Jk + 1) exp ( ki

+poy (20 + 1)2

+4c

g =

Also

3aw 5a%0?

2

4 1 8a? + 1) o2 a’o?
+2C)\2pan exp <( atlw + ( ) n) +4D02)\exp< ac 1

20 —v) | 8(1—?) =0 21—y

(a+1Dw (222+1) or 9 (2041w (402 +1) o
T—v) | 11— )“m exp( = 4(1—w2>>

+2F X\ exp (

0'727 2\ 2 2w 0721
+ { {3 + 24 (pan)2 + 16 (pan)4] exp <(1_¢2)> — (1 + (poy) ) } €xp <(1 — ) + = ¢2)> :
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where

4 2 2 3 2 2 2 2 9
a=a o (@50) 1o (15 g ) o () )

3 <3 + % (paﬂ)2> exp <2 (10_72]¢2)> - (1 + (pan)Q)] exp (2( w + 30727 )

1—y)  8(1-19?)

B = po,

2

(1+ (00,)?) exp (4(1‘27¢2)> _ (pzn) ] :

. o [CEEVEY oy L (00 aBat Do

C—)\{(Goz—l—l)e p( =) ) (2 ‘1’1)} P<(1_w>+ 2(1— ¢?) )
040,27 0120727 0‘0727

3(4a+ 1) exp ((1—1/)2)> — 1] exp <(1_¢2)> —2¢(2a+1)exp <2(1—¢2)) )

a’o? a’o?
D=2\ [exp <(1 — ZZQ)> - 1] exp <1Oiww + 21 —Z/JQ)>

+2c

+c

+poy | (200 + 1) exp (M) - 1] exp (2(1 ) + 81 _nwz)> )
G- 3<1+( 2 (2 +1)2> 2a0, _(1+( )2) (a? +1) o)
= poy « exp 1= 4?) poy exp 11— ¢?)
(2a 4 1) ao;,
~(poy)* = ——exp <(1 - ¢2)) ’
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P_p w +(4a+3)ag L F 047072]
= P00, €xXp 2(1_¢) 8(1—¢2) 2C€eXp 2(1_¢2)
%
—2¢ <1 + (pan)Q) exp (4(1—1#2)) )
B (20 + 3)? (2a+1) 0727
Fy— (204 3) |34 (p0,)? . exp (2(1—¢2)> —~ (1 + (Pan)2> (2a+1),

F,=6 (1 + (poy, (a + 1))2> exp (W) — (poy)’ (2a+1).

Further if A = ¢ =0, as in JPR, we get

Corr (42, y2,) = <1 " (p“’?)2> {(1 + (0" +1) pan)Q) exp (dpff)) - (1 + (pgn)z> } |
om0 ) ()

which is positive for any k.
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For ¢ # 0 and p = 0, as in Koopman and Uspensky [26], the Cov (yf,yf_k) and
|4 (yf) are the same as for the SV1 process and are presented in Appendix A.. The
same applies for the case of ¢ = p = 0.

3. Comparisons, Empirical Results and Conclusions

The SV2-PM model exhibits more complex static and dynamic moments than SV1-
PM, due to the contemporaneous correlation between the in-mean error and condi-
tional variance when p # 0. If p = 0, both models yield identical moments and are
observationally equivalent.

Assuming A > 0 (positive price of risk), p < 0 (leverage effect), and ¢ = 0 (market
efficiency), the expected return F (y;) (risk premium) is positive in SV1-PM but can
be either sign in SV2-PM.

When A = 0, the skewness is zero in SV1-PM but negative in SV2-PM. More gen-
erally, with A = 0 and p # 0, return skewness can vary in sign, though the mean error
skewness remains negative. For instance, JBR (Table 4) estimates return skewness
at —0.54 using a fat-tailed error distribution, giving SV2-PM an edge by replicating
negative skewness without asymmetric error terms (see Harvey and Palumbo 2023
[20]; Blasques et al 2023 [6]).

For kurtosis, SV1-PM matches the mean error’s kurtosis when A = 0, whereas SV2-
PM shows lower kurtosis in the observed process. Autocorrelations, Corr (ye, yi—x),
vary with A and p; they vanish in SV1-PM if A = 0, but remain positive in SV2-PM.

The leverage effect, Corr (af, 52‘7,{), is negative in both models and disappears if
p = 0. Dynamic asymmetries depend on the interaction of p and A, but are negative in
both models when A = 0 and p # 0. Both models share identical volatility clustering
expressions, Corr (atz, ol k)

Table 1 shows SV1-PM moment estimates. Columns 1-3 use restricted parameters
(c = X = 0) from Yu [40] (Table 1) and Asai and McAleer [2] (Table 2), yielding
zero skewness and autocorrelations. Columns 4-5 (Arvanitis and Demos [1]) use un-
restricted estimates, producing positive skewness and small autocorrelations.

Table 1. Estimated Moments for SV1-PM Models
Yu AM AD
S&P | S&P | Topix | S&P | DAX
sk () 0 0 0 0.027 | 0.037
% () 4.497 | 3.536 | 4.025 | 5.178 | 5.478
Corr (Ye, Yr—1) 0 0 0 -0.004 | -0.003
Corr (Yt, Yr—2) 0 0 0 -0.003 | -0.003
Corr (0f,e;_y) | -0.078 | -0.154 | -0.176 | -0.213 | -0.140
Corr (o7,e7_5) | -0.075 | -0.152 | -0.166 | -0.197 | -0.139
Corr (y7,y—1) | -0.029 | -0.060 | -0.059 | -0.082 | -0.050
Corr (y2,y—1) [ -0.002 [ -0.040 | -0.055 | -0.075 | -0.046
Corr (y#,yi1) | 0.139 | 0.071 | 0.110 | 0.163 | 0.169
Corr (yi,yiy) | 0.134 | 0.070 | 0.104 | 0.150 | 0.159

Table 2 provides SV2-PM estimates. In Columns 1-2 (Koopman & Uspensky [26],
whith p = 0), leverage is absent, and autocorrelations are small but positive. Columns
3-4 (Yu [40]; and Jacquier et al [24]) apply restricted estimates with ¢ = A = 0,
showing negative skewness and leverage, consistent with theoretical expectations.



Statistical Properties of Two Asymmetric Stochastic Volatility in Power...

Table 2. Estimated Moments for SV2-PM Models
KU Yu [ JPR

FT [ S&P | S&P | VW

sk () -0.0234 [ -0.040 [ -0.131 [ -0.502

# (ye) 5.425 | 4.975 | 4.487 | 5.789
Corr (ys,y.—1) | 0.000 [ 0.000 | 0.000 | 0.004
Corr (ye,y:—2) | 0.000 | 0.000 | 0.000 | 0.003
C’orr(af,et ) 0 0 -0.061 | -0.172
Corr (07 ,€;_,) 0 0 [-0.059 | -0.160
Corr (y7,y:-1) | -0.003 | -0.007 | -0.023 | -0.063
Corr (y?,y—2) | -0.001 | -0.006 | -0.011 | -0.058
Corr (yf,y7_,) | 0.173 | 0.158 | 0.148 | 0.166
Corr (y?,yiy) | 0.169 | 0.153 | 0.138 | 0.153
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In total, both models can replicate core return features, but SV2-PM offers greater
flexibility, especially in capturing negative skewness without requiring asymmetric
error distributions. A promising extension for both frameworks is introducing auto-
correlation in the standardized mean error (e.g., via ARMA), which could improve
model fit at the cost of added complexity.
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Appendix A

Employing formulae 6-14 in Demos [10], with the appropriate substitutions (please
see Demos [11]), we get:

(s+d)w 02 (2sdy* +d? + s?)

E(0%0%) = exp + 2 ) 14
R T A T =
and
E (070} e1m) = spdy" ' E (07°07%,) and (15)
E (07°0hei ) = [L+ 0 0p0™ ) E (07°07%)) -
Appendix B
First, form Perez, Ruiz and Veiga [33] we have that
A%0?
E e exp (Any)] = poy,Aexp T (16)

and as ® (%, %; z) =2 (z + %) ) (%, %; z) =2 (z + %) exp (z) see Gradshteyn and Ryzhik

(1994) [18], formula 9.212.4, where ® (., .; 2) is the confluent hypergeometric function,
and from Perez, Ruiz and Veiga [33], equation 19, we get

A%
E (g} exp (Amy)) = (1 + (panA)Q) exp | — u
Additionally,
A2 (1 — 2) o2
E (e} exp (Any)) = E (] E [exp (Amy) |er]) = exp (29)71 E (g} exp [po, Aey))
AQU?7

= (po,A) (3 + (panA)2> exp

Notice that E (o), E (¢}), E (¢}) and E (o{) are the same as for the SV1-PM
model.
First,

Bw B B
E(ofel) =E (exp (2 + §¢ Inof | + 277t> 5?)

_B <exp <§nt> e;‘> exp <Bz°" i ! 5 ?3(](91¢—)21Z§)> (17)
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and employing equation 16 we get

poy 1 w 072]
Ploe) =5 e s Y sa )

From formula 9.212.4 in Gradshteyn and Ryzhik [18] we get

2 2 2 2.2 2 2 2 2 2.2 2
@ il,Apa" _2 Lpa’“r? o §,1,Ap0” — ¢ E,E,Apa" ,
2727 2 3 2 2 2°2° 2 2°2" 2

and from Perez, Ruiz and Veiga [33], equation 19, we get

A%0?2

E (¢} exp (An)) = exp [2" [3 +6 (poyA)* + (pGnA)ﬂ :

Finally, notice that

B (etobols) = £ (ctew (g ) ) (18)
X exp ((B + D) 5 (1w_ ) + 8(10—%¢2) (QDB@[)’C +D?+ (Bq/,)2>>

By* + D
E (O'tBEtC_kO'tD_k) =F (exp (1/}277,5;6) stc_k>

J2

+ (B? + (¢v* — 1) B>*" + 2BDy**? + D?y?) 8(17_"%

(19)

B ByY*+ D
B (fob o) = 8 (e (Fn) ) B (o (255 Ens) )

X exp ((B+D)2(1w¢)

0_2

* <<B‘/’)2 + (¢? — 1) B + 2BDy*? 4 D%z) M)

(20)
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